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SUMMARY

This paper presents a Bayesian model that allows for the joint prediction of county-average radon levels
and estimation of the associated leukaemia risk. The methods are motivated by radon data from an
epidemiologic study of residential radon in Iowa that include 2726 outdoor and indoor measurements.
Prediction of county-average radon is based on a geostatistical model for the radon data which assumes an
underlying continuous spatial process. In the radon model, we account for uncertainties due to incomplete
spatial coverage, spatial variability, characteristic differences between homes, and detector measurement
error. The predicted radon averages are, in turn, included as a covariate in Poisson models for incident
cases of acute lymphocytic (ALL), acute myelogenous (AML), chronic lymphocytic (CLL), and chronic
myelogenous (CML) leukaemias reported to the lowa cancer registry from 1973 to 2002. Since radon and
leukaemia risk are modelled simultaneously in our approach, the resulting risk estimates accurately reflect
uncertainties in the predicted radon exposure covariate. Posterior mean (95 per cent Bayesian credible
interval) estimates of the relative risk associated with a 1 pCi/L increase in radon for ALL, AML, CLL,
and CML are 0.91 (0.78-1.03), 1.01 (0.92-1.12), 1.06 (0.96-1.16), and 1.12 (0.98-1.27), respectively.
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1. INTRODUCTION

The American Cancer Society estimates that 35 070 new cases of leukaemia will be diagnosed in
the United States in 2006 [1]. In fact, in men less than 40 years of age and women under 20,
leukaemia is the most common cause of cancer death. However, over 60 per cent of leukaemias
occur in people over 50 years of age. Leukaemia is classified as either myelogenous or lymphocytic,
reflecting the cell type of origin, and can be further classified as either acute or chronic. Acute
lymphocytic leukaemia (ALL), a rapidly progressing cancer affecting lymphocytes, is the most
common form of childhood leukaemia, whereas acute myelogenous leukaemia (AML), a rapidly
progressive cancer affecting immature cells of the bone marrow, exhibits the highest incidence of
the four forms of leukaemia among adults [2]. In the United States, the occurrence of leukaemia
is more common in males than females and also more likely to occur in white individuals of
European decent.

A substantial body of leukaemia research supports a causal effect of medically related ther-
apies such as chemotherapy, radiation therapy, growth hormones, and antibiotics. Alternatively,
environmental risk factors for leukaemia are understudied. While some chemicals like pesticides,
herbicides, solvents, dioxins, butadienes, ethylene oxides, and styrenes as well as infectious agents
have been suggested to cause various forms of leukaemia, only benzene and external penetrating
ionizing radiation have widespread scientific acceptance as causative agents. In regard to lifestyle-
related risks, Korte ef al. [3] have suggested that tobacco smoking may be responsible for up
to three-fifths of AML mortality. The chemical constituents of tobacco that may pose a risk of
leukaemia include benzene, polonium-210 (radon-222 decay product), and polycyclic aromatic
hydrocarbons.

As mentioned above, ionizing radiation in the form of external penetrating radiation (X-rays and
gamma rays) has been implicated as a causative agent in the induction of AML, ALL, and chronic
myelogenous leukaemia (CML) since 1944 [4, 5]. In addition, a recent scientific study [6] has noted
a possible causal association between radon exposure in mines and chronic lymphocytic leukaemia
(CLL). The potential for the development of leukaemia from internal ionizing radiation exposure
has received less attention. As pointed out by Kendall and Smith [7], there is significant uncertainty
in the dose estimates for the haematopoietic bone marrow for short-lived radon decay products
since the initial models were designed to address dose estimates for longer-lived radionuclides. In
addition, the significant uncertainty associated with the process of translocation [8] of radon progeny
and the half-time for absorption to blood significantly affects the accuracy of dose estimates.

Ecologic radon studies examine associations between disease outcomes and exposures aggre-
gated over geographic regions. The exposures in such studies cannot be observed directly and are
generally predicted from a sample of radon measurements within each region. Errors in predictive
measures of regional radon exposures have largely been ignored. Misleading risk estimates can
result from analyses that ignore covariate measurement error [9—13]. As in previous ecologic radon
studies, our primary goal is to investigate the associations between disease and exposure. However,
we take a novel approach that more appropriately accounts for important sociodemographic factors
and uncertainty in predicted radon exposures.

We present an analysis of the effects of radon on leukaemia risk. Our data include radon
measurements collected in a case-control study of residential radon in Iowa and incident leukaemia
cases from state cancer registries. The radon measurements were taken at geographic points in
space, whereas the leukaemia data are available as counts at the county level. To combine the
point-referenced radon and areal leukaemia data, a geostatistical approach is used to model radon as
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a continuous spatial process and to predict county-average concentrations. The predicted averages
are, in turn, included as a covariate in Poisson models for incident leukaemia cases. Within a
fully Bayesian framework, we develop a hierarchical model to simultaneously predict radon and
estimate the associated leukaemia risk. Consequently, the resulting risk estimates accurately reflect
the uncertainty in predicting radon, which includes incomplete spatial coverage, spatial variability,
characteristic differences between homes, and detector measurement error.

Components of our modelling strategy have been considered by other authors. Richardson
et al. [14] use Bayesian methods to estimate the effect of radon on leukaemia rates for geopolitical
districts in Great Britain. Although their risk model includes spatial and non-spatial components
to account for extra-Poisson variability in the rates, radon is treated as a fixed covariate in the
analyses. A recent paper by Toti ef al. [15] explores a covariate measurement error model for
radon exposure in the case-control setting. Their error model assumes that radon measurements
vary randomly about the group means for ‘similar houses’, but does not directly account for
the spatially correlated nature of radon. Our approach is most similar to that of Zhu et al. [16]
in which predicted average, ambient ozone levels are linked to the occurrence of asthma-related
emergency room visits in Atlanta zip codes. Zhu et al. also discuss the computational challenges of
implementing their sophisticated Bayesian model and ultimately rely on ‘shortcuts’ to reduce the
complexities of their algorithms. Simplifying assumptions are not uncommon when dealing with
complicated Bayesian models, and the authors present simulation results to validate their methods.
Unfortunately, the fully Bayesian nature of their model is not realized in the implementation of their
algorithms. Such concessions are not made in the algorithms for the Bayesian models presented
in this paper.

Our paper is organized as follows. The motivating radon and leukaemia data are described in
Section 2. A Bayesian hierarchical model linking residential radon to incident leukaemia cases
is developed in Section 3. Spatial correlation, detector measurement error, and systematic mean
differences in radon measurements are considered in the model development. In addition, we
show how the model can be used to predict county-average radon concentrations. Results from the
proposed Bayesian model are provided in Section 4, along with those from a model that ignores the
radon prediction error. We conclude with Section 5 in which a discussion of our analytic approach
is given.

2. MATERIALS

2.1. Iowa radon study

Field et al. [17] conducted an epidemiologic case-control study in Iowa to estimate the effect of
residential radon on lung cancer risk. Data were collected over a four year span beginning in 1993.
The study enrolled 413 incident lung cancer cases and 614 population-based, disease-free controls.
Although risk estimation was the primary aim of the Iowa Study, the detailed environmental data
that were collected provide a unique opportunity to characterize the distribution of outdoor and
indoor radon. Alpha-track detectors were used to obtain year-long radon measurements at subject
homes and outdoor sites [18]. Since lung cancer cases were over-sampled in the Iowa study, only
data from the 614 control subjects are included in our current analyses. In particular, we utilize
the following: (1) 2590 radon measurements from the disease-free study participant homes; (2) the
home floors on which radon detectors were located; and (3) 136 measurements from 109 outdoor
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sites across the state. At least one radon measurement was taken on each floor of the home, resulting
in an average of 4.2 measurements per home. The geographic distribution of homes mirrors that
of the general Iowa population since control subjects were a population-based sample, whereas
the outdoor sites were chosen to be more uniformly distributed across the state.

2.2. SEER leukaemia data

The Surveillance, Epidemiology, and End Results (SEER) Program of the National Cancer Insti-
tute collects and publishes cancer incidence and survival data from 14 population-based cancer
registries and three supplemental registries. Each cancer registry covers geographic areas as deter-
mined by the registry’s ability to operate and maintain a high-quality reporting system [19]. The
SEER program began in 1973 with registries in Connecticut, Detroit, Hawaii, lowa, New Mexico,
San Francisco-Oakland, and Utah. Seattle-Puget Sound was added in 1974 and Atlanta in 1975.
Although additional registries joined the SEER program after 1978, we only used 1973-2002
data from the original nine. In particular, we obtained registry data for the calculation of incident
leukaemia and total population counts by county, 5-year age strata, gender, race, and calendar year.

2.3. County area resource file

The Area Resource File (ARF), as made available by the Bureau of Health Professions [20],
contains over 6000 variables for each county in the US. More than 50 data source files were used
to create the ARF. We extracted the values for variables ‘per cent high school diploma or higher’,
‘unemployment rate’, ‘urban influence code’, and ‘per cent below poverty’. Urban influence codes
divide US counties into 12 groups based on population and commuting data for metropolitan
counties and on adjacency to metro areas for non-metropolitan counties. A value of one represents
the most urban counties and a value of 12 represents the most rural ones.

3. METHODS

3.1. Leukaemia risk model

We wish to study the effect of residential radon on leukaemia risk in Iowa, while controlling for
potential confounding effects of other covariates. To do so, we first partition the lowa population
into demographic subgroups defined by race and calendar year. Then, we calculate the number
of leukaemia cases that would be expected in each subgroup if the age- and gender-specific rates
from the nine original SEER registries were applied to the Iowa population. The expected number
of cases in the kth county and /th demographic subgroup can be expressed as

Ex =) mui i
i

where the summation is over age-gender strata, my;; is the person-years at risk in the Iowa
population, and 4; is the stratum-specific rate from the SEER population. Note that the ratio of
observed cases yj; to expected cases Ej; is the maximum likelihood estimate for the standardized

morbidity ratio, i.e. SMRy; = yx;/ Ex;. For the risk analyses, we assume that the observed cases
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follow a Poisson model of the following form:
Ykl ~ Poisson(Ekle‘”kl)

Y = B X + Bo7 + O +
iid (1)
Ok ~ N(0, 07)

¢ ~ N0, 62(Dy, — p,C)7)

where Xy, is a vector of known covariates with corresponding mean parameters B; 7, is the predicted

county-average radon level; and f3, is the effect of radon in the model. The eVu parameter can be
interpreted as the true standardized morbidity ratio. Statewide heterogeneity is accounted for with
the 0y; parameters, and spatial correlation not explained by the covariates is modelled with the
¢, parameters. In the specification above, the ¢ vector of spatial parameters follows a conditional
autoregressive (CAR) spatial model, where ag is the variance parameter, C is a proximity matrix
of indicator variables cy; that equals one if counties k and k' share a border and zero otherwise,
and D,, is a diagonal matrix containing the number of neighbours for each county such that
(Dw)kk = ck+. The p,. parameter is included and bounded by the reciprocal of the largest and
smallest eigenvalues of Dy, 12¢ Dy, 1/2
specification [21].

The 7 are unobservable since they represent integrated averages over geographic regions, within
which radon concentrations vary continuously. Thus, we are faced with the challenge of predicting
these averages. Ideally, our approach should also account for the level of uncertainty in the predicted
radon levels. In the next section, we describe a geostatistical model that provides the predictive
distribution for the county averages we seek.

to ensure a non-singular covariance matrix in the CAR

3.2. Distribution for measured radon concentrations

In this section, we introduce the models to be used in characterizing the distribution of residential
radon. Our approach is based on experience gained in previous analyses of the Iowa Study data.
For a more comprehensive account of the justification and validation of our radon models, see
Smith and Field [22].

Although outdoor and indoor radon both arise from uranium deposits in the soil, measurements
from the two environments are expected to differ systematically and are modelled accordingly. In
the model formulation, we differentiate between measurements taken at outdoor and indoor home
sites. Furthermore, we allow for multiple observations at each geographic location. Let 1, ;; denote
the jth measurement from the ith outdoor site for i =1, ..., n,y, and ryy ;; the jth measurement
from the ith home site for i =1, ..., ny,.

We specify the following model for the outdoor measurements:

In Tos,ij = ﬂos + z(si) + Eos,ij
(2

iid 2
Eos,ij ™ N(O, 005)

where f§,,; is an overall mean parameter, & ;; is an independent error term, and ags is the error
variance. The z(s;) parameter accounts for spatial correlation among radon concentrations, as
described in Section 3.3.
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Differences in building characteristics add to the variability of radon concentrations indoors.
Radon primarily enters homes through the floors closest to the ground. Thus, higher home radon
concentrations may result when there are cracks or openings in the building foundation. Likewise,
the presence of a basement may lead to higher concentrations due to the increased surface area in
contact with the ground. Once inside the home, radon dilutes as it rises up to higher floors; thus,
setting up a gradient of concentrations with the highest concentrations occurring in basements [23].
The distribution within homes is affected by factors such as the use of forced air furnaces that
increase the movement of air between floors. Additionally, outdoor concentrations are generally
lower than indoor concentrations where the enclosed nature of homes leads to the accumulation
of radon therein. Lower concentrations have also been noted in older homes which tend to be
draftier than more recently constructed homes. Therefore, models for indoor radon should allow
for systematic differences between floors as well as homes. Consequently, we model home radon
measurements as

T
In7pmij = BppXnm,ij + Vi +2(5i) + enm,ij

iid
7 ~ N, a%;) ?3)

iid 5
enm,ij ~ N0, o7,1,)

where Xy, ;; is a vector of mean covariates with corresponding parameters p,,,,; 7; is an exchange-
able random effect for the home, with variance aih; z(s;) is the latent spatial parameter; and &, ; j
is an independent error term, with variance on - Mean differences between homes may be due to
unmeasured or unknown housing characteristics. In the absence of such information, differences
between homes are captured with the home random effects. We also note that the error variance
is a combination of variability due to systematic differences within the home and random detector
measurement error.

3.3. Spatial correlation

Outdoor and indoor radon measurements exhibit spatial correlation because both originate from
uranium deposited within the Earth’s crust. Knowledge of deposited uranium and other soil char-
acteristics that affect surficial radon concentrations is often incomplete. Consequently, it is natural
to think of radon measurements as arising from a latent spatial process. Indeed, this is the ra-
tionale for our inclusion of the z(s;) parameters in equations (2) and (3). In this section, we
explicitly define the latent spatial process as a stationary, multivariate Gaussian distribution. Let
sz(z(sl), .oy 2(sp)), for i=1,...,n and n=nys + npy, denote the vector of latent spatial
parameters that correspond to the unique geographic sites at which radon measurements were
obtained. Then, their assumed distribution is

2~N(1,(B,). 6> Ry (py))

where u,(B,) and R,(p,) are the mean vector and correlation matrix, respectively; p; is a spatial
correlation parameter; and af is a scalar variance parameter. Covariates that vary as a function of
geographic location may be included in the mean vector. Since we do not have such covariates
for our analyses, the latent process is assumed to have zero mean. Consequently, statewide mean
radon concentrations are accounted for with the f,; and B, parameters in the previously specified
models for outdoor and home radon measurements.
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For the spatial distribution, we chose to model the correlation between geographic sites s; and
§;’ as

(Rz(pg))iir =cs(si — Sir; pyg)

where c;(s; — si7; p,) is a function of p, and the distance between sites. To model the spatial
correlation, we employ an isotropic Gaussian function of the form

cs(si — si73 pg) = exp{—llsi — si/l|*/p?}

where ||s; — s;/|| is calculated as the great circle distance (in miles) between sites [24], and p,
controls the rate of decay, as a function of distance. Many other correlation structures exist [25],
and any parametric structure can be used in our model implementation. We considered both the
Gaussian and exponential correlation functions in preliminary analyses. Leukaemia risk estimates
did not differ between the two. We selected the Gaussian function because it allowed for more
precise estimation of the radon distribution. Regardless, the specification of a spatial distribution
that is a continuous function of the distance between point-referenced measurements makes our
radon model geostatistical in nature. An advantage of geostatistical models is the ability to make
prediction at unmeasured geographic sites—a property that we will utilize in the following section.

3.4. Predicted county-average radon

The specific aim of our analysis is to assess the leukaemia risk posed by residential radon. Since
our measures of disease are county-specific leukaemia rates, we need corresponding county radon
exposures in order to completely define our risk model. As a measure of exposure for county k,
we use the average predicted radon concentration defined as

f,’czexp{/ w(s)lnr'(s)ds// w(s)ds}
By By

where By denotes the geographic region, or block, r'(s) is a predicted radon concentration at site s,
and w(s) is a spatial weighting function. The w(s) function allows for weighted averaging of radon
concentrations within a county. We make use of this function in our analysis to weight concentra-
tions by population density. In particular, we define w(s) to be the population densities (people
per square mile) for Iowa state zip codes, as reported in the 2000 U.S. Census and summarized
here in Figure 1. Consequently, predicted radon concentrations in more densely populated regions
receive more weight in our calculation of county averages. Predicted concentrations at geographic
sites are based on the outdoor and indoor models in equations (2) and (3) and are assumed to be
free of random home-to-home variability as well as detector measurement error. Consequently, the
predicted county-average home radon concentration can be written as

F,’Czexp{[izmth—i-/l; w(s)z(s)ds//B w(s)ds}
k k

for a given set of covariate values Xp,;,. An analogous formula can be written for outdoor concentra-
tions. Unfortunately, the integral cannot be solved exactly due to the irregular shape of geographic
regions. Hence, numerical methods must be used to approximate the integral. One approach is to
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Figure 1. Population density (people per square miles) by lowa state zip codes.

replace the integration by summation over a new set of sites {s/ : i =1... L} so that

Ly Ly
P exp B Xnm + 3 w(sHz(s) [ 30 w(si,)} 4
i=1 i=1

If the sites are randomly sampled from uniform distributions within blocks, this is Monte Carlo
integration. If they are generated from a low-discrepancy sequence, the approximation is referred
to as quasi-Monte Carlo integration. Integration error for the quasi-Monte Carlo method is almost
always smaller than that for standard Monte Carlo [26]. In any case, the approximation can be
made arbitrarily accurate by varying the number of grid sites.

For the numerical integration in our application, we employ a fixed grid of approximately 3000
equally spaced sites {s/} across Iowa, thus partitioning the state into 18.5 square-mile regions.
A computational advantage of this approach is that the grid sites, and distances between them,
remain constant throughout the iterative routine employed in the data analyses and need only be
specified once—prior to the first iteration. Furthermore, lattice-based grid sites represent a type
of low-discrepancy sequence, and thus our integration scheme is quasi-Monte Carlo. In so far as
we can consider the Iowa counties to be rectangles, our integration technique also corresponds
to the rectangle rule. Another possible approach to the integration is the Riemann approximation,
although it has the disadvantage of being more awkward to implement for irregularly shaped
blocks.

Denote the latent parameters for the set of grid sites by {z(slf) :i=1,...,L}, and let z’ be the
vectorization of these parameters. Then, the joint distribution for the latent spatial parameters at
the observed lowa sites and unobserved grid sites is

z 0 ) Ri(pg)  Raz(py)
~N , 0 5)
z 0 RY (p) Ry(
z,7/ Ps 7/ ,Ds)
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Consequently, the predictive distribution for z’ | z, Gf, P, 1s a normal with mean

1y (By) + Ry, (p)R,  (py)z
and variance
01 (Ry(py) — Ry (0 Ry (pg) Ry (py))

Simulation methods will be used to sample from the multivariate predictive distribution for z’.
Predicted county-average radon concentrations are then estimated from these samples according
to equation (4).

3.5. Joint posterior distribution

A fully Bayesian approach is taken to obtain the joint posterior distribution of all model parameters.
The joint posterior is proportional to the following product of the likelihood functions associated
with the models in equations (1)—(3), the distribution for the latent spatial parameters in equation (5),
and prior distributions for the model parameters:

[lgljﬂykz | B. B 7 Ok ¢k>} f@1a)f(] % p)nB, By, o2, 62, pe)
X | TTTT £ (0 rosij | Bog» 2, 02 } By Gag)
R

2 2 2 2
< | TTTT S A0 rhm i | Bams opns 2, owh):| T Bhm> Thns Tuon)
Lt

x f(Z | 2,02, py) f(z | 62, p,)(aZ, py)

where 7, is a function of the home radon mean parameters fy,,, and the predicted latent parameters
7/, as defined in equation (4). We assume independent prior distributions for the analyses. Normal
prior distributions are specified for each of the § mean parameters and inverse-gamma distributions
for the o> variance parameters. Uniform prior distributions are used for the p,. and p, spatial
correlation parameters.

The constant of proportionality for the posterior cannot be derived analytically. Therefore, we
use Markov chain Monte Carlo (MCMC) methods to sample from the joint posteriors. Standard
software routines, such as those found in WinBUGS (http: //www.mrc-bsu.cam.ac.uk/bugs), cannot
be used to perform MCMC sampling in our case because of the complex nature of the hierarchical
model and the size of the radon data set. Instead, we implemented an MCMC algorithm for
our model with the R programming language (http://www.r-project.org). Details of our sampling
algorithm can be found in the Appendix. A potential advantage of R is that algorithms can often be
implemented more quickly, relative to a compiled language. MCMC algorithms for geostatistical
models are computationally intensive since the spatial correlation matrix must be updated and
inverted at each iteration of the sampler. Our R program relies on the BLAS [27] library for linear
algebra computations. The associated run times are highly dependent on the performance of these
libraries. More than a five-fold increase in speed was achieved when using optimized ATLAS [28],
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versus reference, versions of BLAS. Software programs for fitting the proposed Bayesian model
are available from the first author (BJS).

4. RESULTS

Five separate analyses were performed. The Bayesian hierarchical model of Section 3 was applied
to each of the four leukaemia types (ALL, AML, CLL, and CML) separately as well as to all
four combined. The same set of radon measurements from the lowa Study were used throughout
the analyses. In the following sections, the results of these analyses are presented. Details of the
prior distributions are given in Section 4.1. Estimates for the predictive distribution of radon are
provided in Section 4.2, and leukaemia risk estimates are summarized in Section 4.3.

4.1. Prior specifications and convergence diagnostics

Vague N(0,0.001) prior distributions are specified for each of the f mean parameters and
Gamma(0.001, 0.001) for the inverse variance parameters 1 /02, where the Gamma(a, ) dis-
tribution is parameterized with mean equal to o/ff. The CAR covariance matrix specified in the
risk model of Section 3.1 is proper if p,. € (—1.78, 1.00). We assume a Uniform prior distribution
over this range. Similarly, a Uniform(0, 100) prior distribution is specified for the p, spatial range
parameter. The upper bound of 100 corresponds to an upper limit of 173 miles on the distance at
which spatial correlation between radon measurements decays to 0.05 and is believed to include
all possible values of this quantity. Furthermore, the upper bound proved to be large enough so as
to have no discernable impact on posterior inference in our analyses.

Three parallel chains with dispersed starting values were generated for each of the analyses.
Fifty-thousand iterations were run for each chain, of which 1000 were discarded as a burn-in
sequence and every 5th subsequent iteration retained. Thus, posterior estimates are based on 29 400
autocorrelated samples from the posterior distribution. Convergence of the chains was assessed
with the diagnostics of Gelman and Rubin [29] as well as with graphical checks of the output.
Bayesian credible intervals are reported as highest probability density intervals (HPDs) computed
using the method of Chen and Shao [30]. Convergence diagnostics and posterior summaries were
performed with the BOA software [31].

4.2. Predictive distribution for radon

For the analyses, we included indicator variables as covariates in the mean structure of equation (3)
to allow for systematic differences in radon concentrations between the basement, first floor, and
second or higher floors. The associated model parameters are denoted as f3,,,,0, f,m1> and f,,2- Each
of the five Bayesian analyses that we performed included the same set of radon measurements from
the Iowa Study. Since the distributions for radon and disease risk are modelled jointly, the resulting
predictive distributions for radon, including the associated model parameters, can differ. In our
application, most of the information about the predictive distribution is provided by the measured
radon concentrations rather than the disease outcomes, hence the radon results from the five analyses
are similar. In the interest of brevity, we present in Table I only summaries of the geostatistical
parameters from the analysis of all four leukaemia types combined. As expected, mean radon
concentrations are lowest in outdoors and highest in basements. Since the log-transformed radon
measurements are modelled directly, predicted statewide radon concentrations can be obtained
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Table I. Posterior summaries of the parameters in the geostatistical
model for radon, estimated from the combined analysis of all four
leukaemia types.

Radon parameter Mean SD 95 per cent HPD
Bos —0.255 0.064 (—0.381, —0.128)
Oos 0.292 0.024 (0.248, 0.342)
Brmo 1.564 0.066 (1.431, 1.690)
Prm1 0.936 0.066 (0.800, 1.059)
Bhm2 0.853 0.067 (0.718, 0.979)
Obh 0.707 0.023 (0.662, 0.752)
Owh 0.270 0.004 (0.262, 0.278)
Os 0.242 0.110 (0.160, 0.328)
Py 35.1 13.6 (15.6, 67.4)

by exponentiating the [ parameters. In particular, the posterior geometric mean outdoor radon
concentration in Iowa is 0.77 pCi/L (95 per cent HPD 0.68-0.88 pCi/L), whereas the first floor
geometric mean is 2.55 pCi/L (2.23-2.88 pCi/L). Posterior summaries of the county-specific
average, first floor radon concentrations are mapped in Figure 2. The county averages are based on
the underlying continuous spatial process assumed in the geostatistical model and exhibit patterns
similar to those observed in other radon mapping efforts [22, 32].

Separate variance components are included in the geostatistical model to account for detector
measurement error, unexplained differences between homes, and spatial dependencies. The model
parameter aih provides a measure of the between-home variance not explained by covariates in
the model. Within-home variance is captured by the alzuh parameter and includes both random
measurement error and room-to-room variability. Posterior mean estimates indicate that the vari-
ance between homes is almost seven times higher than that within homes. Similar estimates are
obtained for the within-home variance and the outdoor measurement error variance o2, which
may indicate that the former is primarily a function of random detector measurement error. The
af variance parameter provides a measure of the variability in radon measurements attributable
to the underlying spatial process. Its posterior mean falls in-between the means for the between
and within-home variances. Correlation in the underlying spatial process is assumed to decay as
a Gaussian function of distance and the parameter p,. The posterior mean of 35.1 miles implies
correlations of 0.98, 0.73,0.27, and 0.05 at distances of 5, 20, 40, and 60 miles, respectively; al-
though it should be noted that there is considerable variability in the decay parameter as indicated
by the wide 95 per cent HPD of 15.6-67.4.

4.3. Leukaemia risk estimates

Since higher socio-economic status is a possible risk factor for lymphoproliferative disease [33—35],
we conducted analyses with univariate Poisson models to examine the effect of the ARF factors
described in Section 2.3. Frequentist, likelihood-based methods were used in this variable selection
phase of the analyses since it would have been time-prohibitive to use the full Bayesian model. The
select ARF factors were all non-significant except for urban influence code. Linear and quadratic
effects for this variable were selected based on the results from likelihood ratio testing. Temporal
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Figure 2. Posterior means and standard deviations for the predicted county-average, first floor radon
concentrations, estimated from the combined analysis of all four leukaemia types.

and race effects were also examined in univariate analyses. Three calendar periods—1973-1982,
1983-1992, and 1993-2002—were considered. Since the number of cases for races other than
black and white was very small in Iowa (less than 0.63 per cent for all four types of leukaemia),
we compared black race to all others (non-black). Both year and race were significant at the
5 per cent level.

For the full Bayesian analyses, we included an indicator variable for black race, an integer
variable indexing the three calendar year periods, linear and quadratic effects for urban influence
code, and the predicted county-average, first-floor radon concentrations. County-specific disease
rates are summarized in Figure 3 with maximum likelihood estimates of the age and gender-
adjusted SMRs. Similarly, SMRs for the race categories, calendar periods, and county influence
codes are included in Tables II and III, along with posterior summaries of the relative risks from
the Bayesian analyses.
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Figure 3. Spatial maps of the Iowa county leukaemia rates, age- and gender-standardized by the disease-
specific rates from the nine original SEER registries.

Risk estimates for acute and chronic lymphocytic leukaemia tended to be lower in blacks, while
estimates for the myelogenous leukaemia subtypes exhibited wide 95 per cent HPDs and did not
provide strong evidence of an increased or decreased risk for blacks. We observed an increasing
temporal trend in AML risk and, to a lesser extent, a decreasing trend in CML. Relative risk
estimates were fairly homogeneous across levels of the county influence code variable, with the
possible exception of increased AML and CML risk in the most rural counties.
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Table II. Summary statistics and posterior mean (95 per cent HPD) relative risk estimates from the
Bayesian analyses for acute lymphocytic leukaemia (ALL) and acute myelogenous leukaemia (AML).

ALL AML
Risk covariate Values y SMR” Relative risk y SMR” Relative risk
Race Non-black 1189 107 1.0 t 3124 1.02 1.0 t
Black 19 080 074 (0.42,1.09) 30 096 092 (0.61,1.27)
Year 1973-1982 408 103 1.0 f 931 096 1.0 f

1983-1992 375 1.01 1.06 (0.98,1.13) 929 091 1.12 (1.07,1.17)
1993-2002 425 1.15 1.12  (0.97,1.28) 1294 1.18 1.25 (1.14,1.36)

Urban influence

code 2 (Urban) 609 1.07 1.0 t 1435 105 1.0 t
5 81 098 096 (0.84,1.07) 227 099 101 (0.94,1.09)
6 192 108 096 (0.83,1.09) 543 1.03 1.02 (0.93,1.11)
7 27 090 097 (0.84,1.10) 99  1.02  1.03 (0.94,1.13)
8 146 124 099 (0.86,1.13) 356 1.02 105 (0.96,1.15)
9 90 099 1.02 (0.87,1.17) 285 1.00 107 (0.97,1.17)
10 21 101 1.06 (0.87,1.25) 74 103 1.09 (0.98,1.22)
11 35 094 111 (0.86,1.37) 103 092 112 (0.97,1.28)
12 (Rural) 7 064 118 (0.82,1.56) 32 081 116 (0.95,1.37)
Radon +1pCi/L i i 091 (0.78,1.03) 1 101 (0.92,1.12)

*Standardized morbidity ratios are computed as the number of observed leukaemia cases in Iowa (y) divided
by the expected number based on age- and gender-specific rates from the nine original SEER registries.

TReference category for posterior relative risk estimates.
iOnly relative risk estimates are reported since radon is treated as a continuous covariate in the analyses.

Our model allows for the prediction of average radon concentrations outdoors, on each floor
of the home, or any combination thereof. Field et al. [36] compared dosimetric models for radon
exposure and observed the highest lung cancer risk estimates for ambient radon concentrations
linked to individual subject-level mobility, followed by radon concentrations on the first floors of
individual homes. Since mobility data are unavailable for our analyses, we relate leukaemia risk
to first floor radon concentrations. In particular, an indicator variable for the first floor is included
in the prediction model (4). Also note that radon appears as a linear effect in the risk model (1)
which implies that the relative risk is constant at a given unit increase in radon.

Tables II and III include posterior summaries for a 1 pCi/L increase in the predicted county radon
averages. In comparison to other measurement units for radon, 1 pCi/L is equivalent to 37 Bq/m3
and an annual exposure of 0.16 Working Level Months (WLM) at an assumed average of 19 h/day
spent indoors and an equilibrium ratio of radon decay products to radon of 40 per cent. The
posterior means presented in the tables show a negative relationship between radon and ALL risk,
and increasingly positive relationships for AML, CLL, and CML. Bayesian analyses further allow
one to estimate the probability that risk is above or below a given value. Suppose, for example,
that exposures are classified as important protective or risk factors if their associated relative risks
are less than 0.95 or greater than 1.05, respectively. The probability of such occurrences can easily
be estimated from the results of our analyses. In this case, there is a 0.759 probability that the ALL
relative risk for a 1 pCi/L increase in radon is less than 0.95, whereas the probabilities that the
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Table III. Summary statistics and posterior mean (95 per cent HPD) relative risk estimates from the
Bayesian analyses for chronic lymphocytic leukaemia (CLL) and chronic myelogenous leukaemia (CML).

CLL CML
Risk covariate Values y SMR” Relative risk y SMR” Relative risk
Race Non-black 5393 137 1.0 f 1679 107 1.0 t
Black 29 089 067 (043,092) 20 129 122 (0.70,1.76)
Year 1973-1982 1601 130 1.0 f 563 1.14 1.0 f

1983-1992 1967 1.49 1.01  (0.97,1.05) 547 1.04 095 (0.90,1.01)
1993-2002 1854 1.30 1.02  (0.94,1.10) 589 1.03 090 (0.80,1.02)

Urban influence

code 2 (Urban) 2182 129 1.0 t 746 1.06 1.0 t
5 408 137 095 (0.88,1.02) 153 129 094 (0.85,1.04)
6 1011 143 094 (0.87,1.01) 287 105 095 (0.84,1.06)
7 193 146 094 (0.86,1.02) 57 1.13 097 (0.86,1.09)
8 639 139 093 (0.86,1.02) 203 1.13 1.01 (0.89,1.13)
9 565 147 094 (0.85,1.02) 149 101 1.06 (0.93,1.20)
10 153 154 094 (0.86,1.04) 34 091 113 (0.97,1.31)
11 193 128 096 (0.851.07) 56 097 123 (1.01,1.47)
12 (Rural) 78 143 097 (0.83,1.12) 14 069 136 (1.02,1.71)
Radon +1pCi/L i i 1.06  (0.96,1.16) % 1 .12 (0.98,1.27)

*Standardized morbidity ratios are computed as the number of observed leukaemia cases in Iowa (y) divided
by the expected number based on age- and gender-specific rates from the nine original SEER registries.

TReference category for posterior relative risk estimates.
iOnly relative risk estimates are reported since radon is treated as a continuous covariate in the analyses.

corresponding relative risks exceed 1.05 for AML, CLL, and CML are 0.215, 0.568, and 0.849.
The risk estimates presented thus far represent summary statistics based on samples drawn from
the joint posterior distribution. Those samples were also used to construct posterior density plots
for the leukaemia relative risks associated with a 1 pCi/L increase in radon, as shown in Figure 4.
Summaries of the parameters that were included in the risk model to account for extra-Poisson
variability are given in Table IV. As specified in equation (1), statewide heterogeneity is represented
by the @ parameters which are assumed to be random draws from a normal distribution with zero
mean and a standard deviation of ;. In order to provide insight into the oj, parameter, consider the

estimated posterior mean from the ALL analysis of 0.063 at which the 0; £ N(0, 0.063%). The
5th and 95th quantiles of this Normal distribution are & 0.12 and would correspond to relative risks
of 0.89 and 1.13 in the Poisson model. Thus, the relative risks associated with the heterogeneity
parameters are of magnitudes similar to those for the demographic covariates. Spatial variability
in the incidence rates that is not accounted for by the B parameters in equation (1) is characterized
by the o, and p,. parameters in the CAR specification. We note that the values for these two must
be interpreted with care since

il ¢j, j#Fi~N (pczcij¢j/ci+’ 03/0i+>
j
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Figure 4. Posterior distribution of the leukaemia risk associated with a 1 pCi/L increase in county-average,
first floor radon concentrations.

Table IV. Posterior estimates for the variance parameters in the Poisson risk model
for incidence leukaemia cases.

ALL AML CLL CML
Risk 95 per cent 95 per cent 95 per cent 95 per cent
parameter Mean HPD Mean HPD Mean HPD Mean HPD
op 0.063 (0.017,0.123)  0.065 (0.019,0.123)  0.125 (0.073,0.175)  0.071 (0.017,0.145)
Oc 0.094 (0.015,0.224)  0.103 (0.015,0.226)  0.117 (0.017,0.249)  0.092 (0.014, 0.219)
Pe —0.390 (—1.651,0.930) —0.243 (—1.543,1.000) —0.090 (—1.488, 1.000) —0.248 (—1.546, 1.000)

Specifically, o, by itself should not be interpreted as a measure of the strength of spatial association
because p, =0 implies independence. To examine the dependencies among counties implied by
the extra-Poisson variance parameters, we studied the posterior distribution of Moran’s / spatial
correlation coefficient [37] applied to the ¢ model parameters. In all of the analyses, a consistently
weak residual spatial association was observed, with CLL rates exhibiting the largest values for
Moran’s I (posterior mean =0.02; 95 per cent HPD —0.25-0.35).

Copyright © 2007 John Wiley & Sons, Ltd. Statist. Med. 2007; 26:4619-4642
DOI: 10.1002/sim



IOWA RADON LEUKAEMIA STUDY 4635

4.4. Model comparisons

Our fully Bayesian analysis represents an ambitious attempt to model simultaneously residential
radon and leukaemia risk in Iowa. We prefer such a modelling approach because it provides (1)
an estimate of the joint posterior distribution of all model parameters and (2) leukaemia risk
estimates that account for prediction error in the radon exposure covariate. There are, however,
other reasonable approaches that can be taken.

To complete the analysis, we offer a comparison of our proposed model to three alternatives.
We begin by noting that our joint modelling approach allows county leukaemia rates to inform
about the spatial distribution of radon and hence the predicted radon exposure covariate in the
leukaemia risk model. Since this has the potential to distort the exposure—disease relationship, we
consider a second ‘composite’ model in which leukaemia rates are not allowed to inform about the
radon distribution. The composite model has the same functional form as that given in Section 3
but differs from the original model with regards to the MCMC implementation. In particular, the
MCMC algorithm is modified (as described in the Appendix) to produce a predictive distribution
for radon that is independent of the county leukaemia counts. Alternatively, we consider a third
model in which radon exposure is treated as a fixed covariate in the leukaemia risk analysis. We do
this by first analysing only the radon data to obtain the predictive distribution for county-average
radon exposures. Then, we take the posterior mean county radon averages to be fixed covariate
values in subsequent Poisson regression analyses of the leukaemia data. Our fourth model in the
comparison is the same as the third, except that population density weights are replaced with
uniform weights in the averaging of county radon exposures.

Model comparisons are carried out with respect to the deviance information criterion (DIC),
defined as

DIC=Ey[D(y | )]+ pp

where ¥ represents the parameters in the Poisson risk model (1), D(y | ¥)) is the associated deviance
function, and pp is a measure of the effective number of model parameters [38]. Smaller values
of the deviance function are indicative of models that provide better fits to the data. The effective
number of parameters is included in the DIC formula as a penalty term since the deviance function
necessarily decreases as the number of parameters increases. Consequently, comparisons based on
the DIC aim to strike a balance between model goodness-of-fit and parsimony. Preference is given
to models with smaller DIC values.

Summarized in Table V are DIC results from analyses based on our proposed exposure-risk
model (Model 1) as well as the three alternative models described previously (Models 2—4). Among
the first three models which utilize county radon averages weighted by population density, our
joint model provides the smallest DIC values.

In general, Model 3 may be preferred to Model 2 because the difference in DIC values for the
ALL and CML analyses are most notably in favour of the former. Thus, Model 3 may be the
preferred choice after Model 1. Recall that the third model differs from our joint approach in that
county averages are computed separately and included as a fixed covariate in Poisson regression
models. The risk estimates from this simplified approach are very close to those given in Tables
II and III for the joint model. Specifically, for a 1 pCi/L increase in radon, Model 3 yields pos-
terior mean (95 per cent HPD) relative risks estimates of 0.90 (0.78, 1.03), 1.01 (0.92,1.11),
1.05 (0.96, 1.14), and 1.12 (0.99, 1.25) for ALL, AML, CLL, and CML, respectively. The
similar estimates from the separate analysis of radon and leukaemia data suggest that the
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Table V. Comparison of deviance information criterion (DIC) for leukaemia risk models with different
predictors of county-average radon.

DIC
Radon Radon-risk Population
Model covariate modelling density weights ALL AML CLL CML
1 Random Joint Yes 1145.4 1539.0 1765.7 1307.3
2 Random Composite Yes 1146.5 1539.8 1768.0 1309.7
3 Fixed Separate Yes 1145.7 1539.9 1768.3 1308.1
4 Fixed Separate No 1144.8 1540.0 1767.9 1308.2

Note: Smaller DIC values indicate preferable models.

exposure-disease relationship is not distorted in the joint model. From a computing perspec-
tive, Model 3 has the advantage of requiring shorter run times because the same radon estimates
are used in each of the leukaemia analyses. Hence, the estimates need only be computed once.
However, the MCMC algorithms for Model 3 are only marginally less complex than the algorithm
for the joint model. There is almost complete overlap in the code used to fit the two models.
Therefore, the programming burden is essentially the same.

Models 3 and 4 are very similar with respect to both the DIC values in Table V and the risk
estimates (not shown). Thus, the use of population density in calculating county radon averages
appears to have a negligible effect on the results. Indeed, the correlation between posterior mean
county radon averages based on population density weights versus uniform weights is 0.99. The
high correlation is not surprising given that the population density does not vary much within lowa
counties, which tend to be either predominantly urban or predominantly rural.

5. DISCUSSION

In the present study, a hierarchical Bayesian model is used to examine the relationship between
aggregate (county) radon levels and incident leukaemia cases in lowa. Application of our model
to all four leukaemia types combined yields a relative risk estimate of 1.04 (95 per cent HPD
0.98-1.10) for a 1 pCi/L increase in the mean county-average radon. Previous studies of radon-
exposed miners have provided somewhat equivocal findings concerning the risk posed by radon
exposure. Roscoe [39] also reported statistically non-significant elevations for leukaemia (SMR =
1.6; 95 per cent CI 0.8-2.7) for a retrospective cohort study of 3238 uranium miners in the
Colorado Plateau of the United States. A comprehensive pooled analyses by Darby et al. [40] of
11 retrospective cohort studies of radon-exposed underground miners noted a significant increased
relative risk of leukaemia (RR =1.93; 95 per cent CI 1.19-2.95) for cohorts of miners in their
first 10 years of employment. While the overall risk of leukaemia was also positive, it was not
significant (RR =1.16; 95 per cent CI 0.90-1.47). A recently published retrospective cohort study
of 23043 Czech uranium miners by Reficha et al. [6] reported a significant association between
radon exposure and leukaemia (p-value =0.014). When the high categorical radon exposure of
110 WLM was compared to the referent low radon exposure category of 3 WLM, a RR of 1.75
(95 per cent CI 1.10-2.78) was found for the four types of leukaemia combined. Laurier et al. [41]
have previously reviewed 19 ecologic studies published between 1987 and 2000 that examined
the association between radon exposure and leukaemia. Overall, ecologic studies using various
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surrogate measures of residential radon exposures, such as average county radon concentrations
based on short-term radon measurements, yielded fairly consistent results suggesting an association
between radon exposure and the risk of leukaemia at the aggregate level.

The marginally negative association (RR =0.91; 95 per cent HPD 0.78-1.03) reported in Table II
between ALL and county radon level has been found elsewhere. Collman et al. [42] conducted
an ecologic study using cancer mortality data from North Carolina, USA. The RR for male ALL
was less than 1.0, although the relationship was non-significant. Using Poisson regression, Viel
[34] also reported a negative association between radon and ALL in an ecologic study which
accounted for such covariates as socio-economic status (estimated by the percentage of workmen
in the employed population), a linear geographical gradient (expressed in terms of latitude and
longitude for each area), and indoor gamma rays. In another study that examined radon exposure
and childhood ALL at the postcode sector level in the UK counties of Devon and Cornwall,
Thorne et al. [43] reported a non-significant (p-value =0.28) reduced risk for those exposed to
higher radon levels (=100 Bq/m?) as compared to lower levels (<100 Bq/m?). Haque and Kirik
[44], employing linear regression on data from the UK, also found a positive, but non-significant,
correlation between radon concentration and ALL.

The null relative risk of 1.01 (95 per cent HPD 0.92-1.12) between AML and radon level reported
in this study has been noted by previous authors. Toti et al. [15] used a Bayesian hierarchical model
to analyse data from a case-control study and did not find an association between adult myeloid
leukaemia and indoor radon concentration (OR >185 Bq/m? versus <80 Bq/m?> = 1.0, 95 per cent
Cr.I. 0.2-2.9). Also using a case-control study design, Steinbuch et al. [45] reported that indoor
residential radon exposure was not found to be associated with risk of AML among children. The
inverse association between radon level and AML risk among those <2 years was attributed to
chance. Forastiere et al. [46] used conditional logistic regression in their case-control study to
estimate odds ratios for radon, gamma radiation, municipality, and dwelling characteristics. No
significant association between adult myeloid leukaemia and exposure to indoor radon was detected.
Other ecologic analyses support a positive relationship between radon and AML [34, 44, 47].

In the current study, we report evidence of a positive association between county radon levels
and both CLL (RR=1.06; 95 per cent HPD 0.96-1.16) and CML (1.12; 0.98-1.27). Studies
investigating a possible association between radon exposure and the subsequent development of
either CLL or CML are less frequent. In ecologic analyses, Alexander et al. [48] reported non-
significant positive findings for both CLL and CML using census data, while Haque and Kirk
[44] found a significant positive association between radon and both leukaemia types. In their
collaborative analysis of 11 cohort studies of miners, Darby et al. [40] reported a positive non-
significant relationship between radon exposure and CLL. In the recent retrospective cohort study
of Czech uranium miners by Reficha et al. [6], the incidence of CLL was positively associated with
radon exposure (p-value =0.016). When the authors compared a high radon exposure (110 WLM)
to a low exposure (3 WLM), they found a relative risk of 1.98 (CI 1.10-3.59) for CLL. CML
exhibited a similar, but non-significant, association. To our knowledge, the paper by Reficha et al.
is the first analytic epidemiologic study to find a statistically significant increased risk of CLL for
any type of radiation exposure.

While the findings of ecologic analyses should be limited to hypothesis generating and cannot
be used to determine risk, our hierarchical Bayesian modelling approach offers several advantages
over previous ecologic studies. The first advantage lies in our model for the radon data that allows
for prediction of county-average radon levels while accounting for spatial dependencies, system-
atic differences between homes, and detector measurement error. Secondly, the Bayesian analysis
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provides the joint distribution of all model parameters. Since the parameters are modelled simul-
taneously, relative risk estimates accurately reflect uncertainties in the predicted radon exposure
covariate. The third advantage is that the resulting joint distribution allows probability statements
to be made about the model parameters. For instance, parameters fall within the reported 95
per cent HPD intervals with probability equal to 0.95. Likewise, statements can be made about
the probability that a relative risk ranges above or below a given value, as illustrated in Section
4.3. Finally, since age- and gender-specific rates are modelled in the Poisson regression, we are
able to consider leukaemia in all age groups instead of focusing on only children or only adults.
Alternatively, the effects of race, calendar period, and urban/rural regions are controlled for with
additional covariates in the risk model.

The study has several other strengths. For example, Iowa has the highest mean residential radon
concentration in the United States and provides a wide distribution of county radon concentrations
for use in the analyses. In addition, the National Cancer Institute, Surveillance Epidemiology and
End Results registry provides highly accurate information on the incidence of leukaemia subtypes
occurring historically in Iowa’s 99 counties.

In conclusion, we present a Bayesian hierarchical risk model to characterize the effects of
a radon exposure covariate that cannot be measured directly. Although the model is applied to
population-level incidence rates, our approach can be generalized to individual-level risk models
for which spatial dependencies and measurement error are considerations in the prediction of an
exposure covariate. The risk estimates presented in this study, performed in a state with high radon
levels, as well as the recent findings from Reficha ef al. suggest that an analytic study examining
the risk posed by prolonged exposure to residential radon progeny and the subsequent development
of leukaemia may be warranted.

APPENDIX A: THE MCMC ALGORITHM

Markov chain Monte Carlo sampling is an iterative numerical method for generating correlated
draws from the joint posterior distribution of model parameters [49]. The general idea is to draw
samples from the posterior full conditional distributions of the parameters at each MCMC iteration.
Existing random number generators can be used to obtain draws from full conditionals that are
standard distributions. Such is the case for the variance parameters ¢ and the mean outdoor
radon parameter f,, in our model. Although the full conditionals for the correlation parameters
p. and p, are of non-standard forms, we are able to utilize shrinkage slice sampling [50] to
easily and efficiently sample these. For the remaining parameters, sampling is carried out with
Metropolis—Hastings algorithms.

Sampling of the mean home radon parameters p,,, and the latent spatial parameters (z, z') poses a
unique challenge because each set appears in multiple levels of the model. Recall that the predicted
county-average radon level 7; is defined in (4) as a function of B, and z'. Hence, the home mean
parameters appear in both the radon measurement model (3) as well as the risk model (1). Likewise,
the latent spatial parameters appear in both the spatial model (5) and risk model (1).

Before giving the details of our Metropolis—Hastings implementations, we first describe the
algorithm in general. Consider observed data y and a partitioning of the model parameters 1 into
d subvectors such that ¢ = (¥4, ..., ¥4). Values for the subvectors are to be sampled sequentially
at each iteration ¢ of the MCMC sampler. Various numerical sampling methods are available. The
Metropolis—Hastings algorithm is one such method and involves the generation of new candidate
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points from a proposal distribution according to the following algorithm:

(a) Draw a candidate point 7 from the proposal distribution g; (¢;, 91 where 9" '=, ...,
Ll, 19?‘1, R 19;_1) is the vector of current values for all subvector parameters.
(b) Compute the ratio
P 195" g @, 97

r =
ICAR R/ O CA A

where p is the full conditional distribution of 9;, and 19’(;)1 =@, ... 9L 9D
is the vector of current values for all parameters other than ¥;.
(c) Set

v} with probability min(r, 1)
9 =
l 195 ~1 otherwise

Any distribution from which samples are readily obtainable may serve as the proposal distribution.
However, some choices will work better than others, depending on the given problem.

We now turn to the specific use of Metropolis—Hastings in our MCMC algorithm. The posterior
full conditional for B,,, can be written as the product of the risk model likelihood and a function
By | aih, zZ, ai} > Thm) Which has a known multivariate normal distribution. We use the latter
as our proposal distribution to generate a candidate point f, in the Metropolis—Hastings step.
Consequently, the associated acceptance probability simplifies to

e T Il fOma | By By 755 Oty i)
Hk 1_[[ f(ykl | B? Br’f]iv ekla ¢k)

where
=/ T Li / / Li /
r = exp B Xam + 2 wisHz(s) [ D w(s))
i=1 i=1

and can be calculated easily at each MCMC iteration. The same approach can be applied to
generate candidate points (z*,z'*) for the latent spatial parameters. In particular, the associated
full conditional can be factored into a product of the risk likelihood and a known multivariate
normal distribution that we use as the proposal. The resulting acceptance probability » has the
same form as that given above. However, in the sampler for the spatial parameters, the predicted
radon average is evaluated at the candidate point as follows:

Ly Ly
FF = exp {B};mth + 3 w(s,{)z*(s,{)/ 3 w(sl{)}
i=1 i=1

Note that county leukaemia counts may inform about the radon distribution since the §,,, and z’
parameters appear in the risk likelihood. To prevent this effect of the leukaemia data, one could
set the acceptance probability to » =1 in the aforementioned Metropolis—Hastings steps for the
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radon parameters, although the MCMC results would be something other than samples from the
joint posterior distribution of all model parameters. Proposal distributions for Metropolis—Hastings
sampling of the remaining parameters in the risk model mean structure are constructed using the
methods of Gamerman [51].
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